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THE PLURIHARMONIC HARDY SPACE AND TOEPLITZ
OPERATORS
YUANQI SANG and XUANHAO DING∗
Abstract. Compared with harmonic Bergman spaces, this paper introduces
a new function space which is called the pluriharmonic Hardy space h2(T2).
We character (semi-) commuting Toeplitz operators on h2(T2) with bounded
pluriharmonic symbols. Interestingly, these results are quite different from
the corresponding properties of Toeplitz operators on Hardy spaces, Bergman
spaces and harmonic Bergman spaces. Our method for Toeplitz operators on
h
2(T2) gives new insight into the study of commuting Toeplitz operators on
harmonic Bergman spaces.
1. Introduction
Let D = {ξ ∈ C : |ξ| < 1} be the unit disk in the complex plane C and T be
its boundary. The bidisk D2 and the torus T2 are the subsets of C2 which are
Cartesian products of two copies D and T, respectively. Let dσ be the normal-
ized Haar measure on T2, the Hardy space H2(T2) is the closure of the analytic
polynomials in L2(T2, dσ). Let dA denote the normalized area measure on D,
the harmonic Bergman space b2 is the closed subspace of the Lebesgue space
L2(D, dA) consisting of all harmonic functions on D. One can check the relation
b2(D) = L2a(D) + L2a(D), (1.1)
where L2a(D) is the closed subspace of the Lebesgue space L
2(D, dA) consisting of
all holomorphic functions on D. It is well known that H2(T) + H2(T) ∼= L2(T),
the projection from L2(T) onto H2(T) +H2(T) is the identity operator. In this
case, Topelitz operators onH2(T)+H2(T) are multiplication operators. However,
we have H2(T2) +H2(T2) $ L2(T2). For example, z1z2 ∈ L2(T2), but z1z2 does
not belong to H2(T2) + H2(T2). Inspired by the harmonic Bergman space, we
introduce the following definition.
Definition 1.1. We define the pluriharmonic Hardy space h2(T2) by
h2(T2) = H2(T2) +H2(T2). (1.2)
h2(T2) is a Hilbert with the inner product
〈F,G〉 =
∫
T2
F (z)G(z)dσ(z).
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It is easy to vertify {zi1z
j
2}i,j≥0
⋃
{z1
kz2
l}k,l≥0 is an orthonormal basis of h
2(T2).
Let ∂i denote
∂
∂λi
and ∂¯i denote
∂
∂λi
. Recall that a complex-valued f ∈ C2(D2)
is said to be pluriharmonic if
∂i∂¯jf = 0, i, j = 1, 2.
If f ∈ h2(T2), the Poisson integral of f is pluriharmonic in D2.
Definition 1.2. For f ∈ L2(T2), the Toeplitz operator T̂f with symbol f is
densely defined on the pluriharmonic Hardy space h2(T2) by
T̂fh = Q(fh)
for all polynomials h, where Q is the orthogonal projection from L2(T2) onto
h2(T2).
On the harmonic Bergman space b2(D), B. R. Choe and Y. J. Lee [3] proved
that two Toeplitz operators with holomorphic symbols commute if and only if
a nontrivial linear combination of the symbols is constant, this result has been
extended to various domains such as the polydisk ([5]) and the unit ball ([11]).
In [3, 4], B. R. Choe and Y. J. Lee posed two questions. First, if an analytic
Toeplitz operator and a co-analytic Toeplitz operator commute on b2(D), then is
one of their symbols constant ? Second, whether Toeplitz operators with general
harmonic symbols can commute on b2(D) only in the obvious cases ? B. R. Choe
and Y. J. Lee [4] showed that the answer to the first question is yes under some
additional noncyclictiy hypothesis, and whether the noncyclicity hypotheses can
be removed or not remains open. We will be concerned with these two similar
questions on h2(T2). (1.1) and (1.2) show that h2(T2) and b2(D) have similar
structures. In particular, L2a is isometrically identified with a closed subspace
of H2(T2)(see [9]), by (1.1), thus b2(D) is isometrically identified with a closed
subspace of h2(T2). Our results for Toeplitz operators on h2(T2) may offer some
insight into the study of similar questions for Toeplitz operators on b2(D).
On the pluriharmonic Hardy space h2(T2), Liu and the second author [12]
obtained a characterization of (semi-) commuting Toeplitz operators with holo-
morphic symbols. For completeness, we will state these results as follows. In
order to state these results, we need some notations. Let P be the projection
from L2(T2) onto H2(T2). For each function f in L2(T2), let
f+ = Pf,
f− = (Q− P )f.
Let z = (z1, z2) ∈ T2.
Theorem 1.3. [12] Let ϕ, ψ be two bounded functions in H2(T2). Then T̂ϕT̂ψ =
T̂ψT̂ϕ if and only if
(i) both ϕ and ψ are functions of one variable z1; or
(ii) both ϕ and ψ are functions of one variable z2; or
(iii) a nontrivial linear combination of ϕ and ψ is constant.
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Theorem 1.4. [12] Let ϕ, ψ be two bounded functions in H2(T2). Then T̂ϕT̂ψ =
T̂ϕψ if and only if
(i) both ϕ and ψ are functions of one variable z1; or
(ii) both ϕ and ψ are functions of one variable z2; or
(iii) either ϕ or ψ is constant.
In [14], the authors obtained a necessary and sufficient condition for an analytic
Toeplitz operator that commutes with another co-analytic Toeplitz operator on
h2(T2).
Theorem 1.5. [14] Let ϕ, ψ be two bounded functions in H2(T2). Then T̂ϕT̂ψ¯ =
T̂ψ¯T̂ϕ if and only if T̂ϕT̂ψ¯ = T̂ϕψ¯ if and only if
(a) either ϕ or ψ is constant; or
(b) ϕ is a function of one variable z1 and ψ is a function of one variable z2;
or
(c) ϕ is a function of one variable z2 and ψ is a function of one variable z1.
In this paper, we consider the problem of when two Toeplitz operaotrs with
bounded pluriharmonic symbols commute or semi-commute. Our main results
are as follows.
Theorem 1.6. Let f, g be two bounded functions in h2(T2). Then T̂f T̂g = T̂fg if
and only if one of the following conditions is satisfied:
(A) f+ and g+ are the functions of one variable z1, and f− and g− are the
functions of one variable z2; or
(B) f+ and g+ are the functions of one variable z2, and f− and g− are the
functions of one variable z1; or
(C) Either f or g is constant.
Theorem 1.7. Let f, g be two bounded functions in h2(T2). Then T̂f T̂g = T̂gT̂f
if and only if one of the following conditions is satisfied:
(I) f+ and g+ are the functions of one variable z1, and f− and g− are the
functions of one variable z2;
(II) f+ and g+ are the functions of one variable z2, and f− and g− are the
functions of one variable z1;
(III) A nontrivial linear combination of f and g is constant.
This paper is organized in the following way. In section 2, we present some
preliminaries. By making use of matrix representation, we give some new char-
acterization of Theorem 1.3, Theorem 1.4 and Theorem 1.5 in section 3. Using
these results, we completely characterize (semi-)commuting Toeplitz operators
with bounded pluriharmonic harmonic symbols in section 4 and section 5, re-
spectively.
2. Preliminaries
2.1. Integral representation. Recall that the Hardy space H2(T) is a re-
producing kernel Hilbert space, with the kernel
Kλ1(ω1) =
1
1− λ1ω1
, λ1, ω1 ∈ D,
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so that
h(λ1) = 〈 h,Kλ1〉 (2.1)
for every h ∈ H2(D). We will call kλ1(ω1) = Kλ1/‖Kλ1‖ =
(1−|λ1|2)
1
2
1−λ1ω1
the normal-
ized reproducing kernel. Clearly, the reproducing kernel of H2(D2) at the point
λ with coordinates (λ1, λ2) in D2 is given by
Kλ(ω) =
2∏
i=1
Kλi(ωi).
Thus the normalized reproducing kernel kλ of H
2(D2) is in the form
kλ(ω) =
2∏
i=1
kλi(ωi).
If f ∈ L1(T2), the Poisson integral of f is given by
P[f ](λ) =
∫
T2
f(z)
2∏
i=1
1− |λi|
2
|1− λiz¯i|2
dσ(z)
=
∫
T2
f(z)|kλ(z)|
2dσ(z)
= 〈fkλ,kλ〉.
Since limr→1P[f ](rz) = f(z) for almost every z ∈ T2 [13, Theorem 2.3.1], we can
identify functions in h2(T2) with its Poisson integral.
For any bounded linear operator S on H2(T2), the Berezin transform of S is
the function S˜ on D2 defined by
S˜(λ) = 〈Skλ,kλ〉
=
∫
T2
Skλ(z)kλ(z)dσ(z).
(2.2)
For f ∈ L2(T2), the Hardy projection P has the integral representation
Pf(λ) =
∫
T2
f(z)Kλ(z)dσ(z). (2.3)
Similarly, let P− be the orthogonal projection from L2(T2) onto H2(T2), we can
write the projection P− as the integral operator
P−f(λ) =
∫
T2
f(z)Kλ(z)dσ(z). (2.4)
The above integral formulas for P and P− show that P and P− can be extend
to L1(T2). By (2.3) and (2.4), we have
P (f)(0) =
∫
T2
f(z)dσ(z) = P−(f)(0). (2.5)
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In addition, the reproducing kernel Kλ has the following nice property [6, Theo-
rem 1.3]:
P (ϕ¯Kλ) = ϕ(λ)Kλ (2.6)
if ϕ ∈ H2(T2).
Each point evaluation is easily verified to be a bounded linear functional on
h2(T2), the Riesz representation theorem tells us that there exists a unique func-
tion Rλ in h
2(T2) such that
g(λ) = 〈g,Rλ〉 =
∫
T2
g(z)Rλ(z)dσ(z) (2.7)
for all g in h2(T2). Since (1.2), there is a simple relation between Rλ and Kλ :
Rλ = Kλ +Kλ − 1. (2.8)
Thus eachRλ is real-valued and the formula (2.7) leads us to the following integral
representation of the projection Q:
Qf(λ) =
∫
T2
f(z)Rλ(z)dσ(z), (2.9)
we see from (2.9) that the projection Q can be rewritten as
Qf = P (f) + P−(f)− P (f)(0)
for f ∈ L2(T2).
For f ∈ L1(T2) and fixed λi ∈ D (1 ≤ i ≤ 2), we define
(Pif)|zi=λi =
∫
T
f(z)Kλi(zi)dσ(zi)
and
(P−i f)|zi=λi =
∫
T
f(z)Kλi(zi)dσ(zi).
Using the boundedness of Pi and P
−
i on L
2(T2), one can easily verify the
following facts:
• P1 commutes with P2, and P = P1P2.
• P−1 commutes with P
−
2 , and P
− = P−1 P
−
2 .
2.2. Matrix representation. For f ∈ L2(T2), the Toeplitz operator Tf and
the small Hankel operator Γf with symbol f are densely defined on the Hardy
space H2(T2) by
Tfh = P (fh) and Γfh = (Q− P )(fh)
for all polynomials h.
For φ ∈ L2(T2), under the decomposition h2(T2) = H2(T2)
⊕
H20 (T2), where
H20 (T
2) =
{
f ∈ H2(T2) : f(0) = 0
}
, the Toeplitz operator T̂φ has the following
operator matrix representation:
T̂φ =
[
Tφ Γ
∗
φ¯
Γφ Sφ
]
, (2.10)
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where the operator Sφ is an operator on H
2
0 (T2) defined by
Sφv¯ = (Q− P )(φv¯) (2.11)
for every polynomial v ∈ H20 (T
2). If φ ∈ L2(T2), we define Γ∗
φ¯
v¯ by
Γ∗
φ¯
v¯(λ) = P (φv¯)(λ) =
∫
T2
φv¯Kλdσ.
Note that the star need no longer be the adjoint (but would of course coincide
with the adjoint in case the operator Γφ¯ is itself bounded).
The following lemma shows relation between Toeplitz operators Tϕ and Hankel
operators Γϕ. It is quite useful in studying products of Toeplitz operators.
Lemma 2.1. Let f, g and h be three functions in L∞(T2). If T̂f T̂g = T̂h, then
the following identity holds.
Th = TfTg + Γ
∗
f¯
Γg. (2.12)
Proof. To prove the above identity we use the matrix representations of opera-
tors T̂f , T̂g and T̂fg under the decomposition h
2(T2) = H2(T2)
⊕
H20 (T2). Since
T̂f T̂g = T̂fg, computing the product of the matrices of T̂f and T̂g gives
T̂f T̂g =
[
TfTg + Γ
∗
f¯
Γg TfΓ
∗
g¯ + Γ
∗
f¯
Sg
ΓfTg + SfΓg ΓfΓ
∗
g¯ + SfSg
]
. (2.13)
On the other hand,
T̂h =
[
Th Γ
∗
h
Γh Sh
]
.
Comparison of the two matrix representations of T̂h gives (2.12). 
Theorem 2.2. If f¯ or g in H∞(T2), and T̂f T̂g = T̂h, then fg = h.
Proof. Since the small Hankel operator with an analytic symbol is the zero oper-
ator, (2.12) implies Th = TfTg. By [6, Theorem 3.1], we have that fg = h. 
Remark. It is well-known that Tϕ satisfies the following characteristic relation
T ∗ziTϕTzi = Tϕ
for ϕ ∈ L∞(T2), 1 ≤ i ≤ 2. But this relation does not extend to the Toeplitz oper-
ator T̂ϕ as the following example shows. Since T̂
∗
z1
T̂z1T̂z1 z¯1z¯2 = 0 and T̂z1 z¯1z¯2 = z¯2,
T̂ ∗z1 T̂z1T̂z1 6= T̂z1 .
Although our main concern is with bounded operators, we will need to make
use of densely defined unbounded operators. Let H be a Hilbert space. Suppose
A1 and A2 are densely defined operators in H , we say that A1 = A2 if
A1p = A2p
for each p ∈ domA1
⋂
domA2. Let x and y be two nonzero vectors in H, x⊗ y is
the operator of rank one defined by
(x⊗ y)f = 〈f, y〉x
for f ∈ H.
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3. Some Lemmas
Let h ∈ L2(T2), h = h(z1) denotes h is a function of one variable z1.
Similarly, h = h(z2) denotes h is a function of one variable z2. We denote the
semicommutator and commutator of two Toeplitz operators T̂f and T̂g by
(T̂f , T̂g] = T̂fg − T̂f T̂g
and
[T̂f , T̂g] = T̂f T̂g − T̂gT̂f .
The following lemma will be used in the proof of Theorem 1.7.
Lemma 3.1. Let ϕ, ψ ∈ H2(T), ϕ = ϕ(z1), ψ = ψ(z1).Then∫
T2
([T̂ϕ, T̂ψ¯]kλ1kλ2)kλ1kλ2dσ = |λ2|
2
(
ϕ(λ1)ψ(λ1)− P[ϕψ¯](λ1)
)
for all (λ1, λ2) ∈ D2.
Proof. Since ψ¯kλ1 ∈ L
2(T), we have
ψ¯kλ1 = P1(ψ¯kλ1) + P
−
1 (ψ¯kλ1)− P1(ψ¯kλ1)(0)
= ψ¯(λ1)kλ1 + P
−
1 (ψ¯kλ1)− ψ¯(λ1)
√
1− |λ1|2.
Hence
P−1 (ψ¯kλ1) = ψ¯kλ1 − ψ¯(λ1)kλ1 + ψ¯(λ1)
√
1− |λ1|2. (3.1)
An easy computation gives
T̂ψ¯kλ1kλ2 = P (ψ¯kλ1kλ2) + P
−(ψ¯kλ1kλ2)− P (ψ¯kλ1kλ2)(0)
= P1(ψ¯kλ1)P2(kλ2) + P
−
1 (ψ¯kλ1)P
−
2 (kλ2)− P (ψ¯kλ1kλ2)(0)
= ψ¯(λ1)kλ1kλ2 + P
−
1 (ψ¯kλ1)
√
1− |λ2|2 − ψ¯(λ1)
√
1− |λ1|2
√
1− |λ2|2
= ψ¯(λ1)kλ1kλ2 +
(
ψ¯kλ1 − ψ¯(λ1)kλ1 + ψ¯(λ1)
√
1− |λ1|2
)√
1− |λ2|2
− ψ¯(λ1)
√
1− |λ1|2
√
1− |λ2|2
= ψ¯(λ1)kλ1kλ2 +
(
ψ¯ − ψ¯(λ1)
)
kλ1
√
1− |λ2|2.
(3.2)
The second equality follows from that P = P1P2 = P2P1 and P
− = P−1 P
−
2 =
P−2 P
−
1 , the third equality follows from (2.6), the fourth equality follows from
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(3.1). Thus∫
T2
(T̂ϕT̂ψ¯kλ1kλ2)kλ1kλ2dσ
=
∫
T2
(QϕT̂ψ¯kλ1kλ2)kλ1kλ2dσ
=
∫
T2
∫
T2
ϕ(z1)(T̂ψ¯kλ1kλ2)(z)Rη(z)dσ(z)kλ1(η1)kλ2(η2)dσ(η)
=
∫
T2
ϕ(z1)(T̂ψ¯kλ1kλ2)(z)
∫
T2
Rz(η)kλ1(η1)kλ2(η2)dσ(η)dσ(z)
=
∫
T2
ϕ(T̂ψ¯kλ1kλ2)kλ1kλ2dσ(z)
=
〈
T̂ψ¯kλ1kλ2 , ϕ¯kλ1kλ2
〉
=
〈
T̂ψ¯kλ1kλ2 , T̂ϕ¯kλ1kλ2
〉
=
〈
ψ¯(λ1)kλ1kλ2 , ϕ¯(λ1)kλ1kλ2
〉
+
〈(
ψ¯ − ψ¯(λ1)
)
kλ1
√
1− |λ2|2,
(
ϕ¯− ϕ¯(λ1)
)
kλ1
√
1− |λ2|2
〉
= ϕ(λ1)ψ¯(λ1) + (1− |λ2|
2)
(〈
ψ¯kλ1 , ϕ¯kλ1
〉
−
〈
ψ¯kλ1, ϕ¯(λ1)kλ1
〉)
= ϕ(λ1)ψ¯(λ1) + (1− |λ2|
2)
(
P[ϕψ¯](λ1)− ϕ(λ1)ψ¯(λ1)
)
= |λ2|
2ϕ(λ1)ψ¯(λ1) + (1− |λ2|
2)P[ϕψ¯](λ1).
(3.3)
The second equality follows from (2.9), the seventh equality follows from (3.2).
On the other hand, we get∫
T2
(T̂ψ¯T̂ϕkλ1kλ2)kλ1kλ2dσ
=
∫
T2
(Qψ¯Qϕkλ1kλ2)kλ1kλ2dσ
=
∫
T2
(Qψ¯ϕkλ1kλ2)kλ1kλ2dσ
=
∫
T2
∫
T2
(ψ¯ϕkλ1kλ2)(z)Rη(z)dσ(z)kλ1(η1)kλ2(η2)dσ(η1, η2)
=
∫
T2
(ψ¯ϕkλ1kλ2)(z)
∫
T2
Rz(η)kλ1(η1)kλ2(η2)dσ(η)dσ(z)
=
∫
T2
(ψ¯ϕkλ1kλ2)kλ1kλ2dσ
=
〈
ψ¯ϕkλ1kλ2, kλ1kλ2
〉
= P[ϕψ¯](λ1).
(3.4)
The third equality follows from (2.9).
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So combining (3.3) with (3.4), we have∫
T2
([T̂ϕ, T̂ψ¯]kλ1kλ2)kλ1kλ2dσ = |λ2|
2
(
ϕ(λ1)ψ¯(λ1)−P[ϕψ¯](λ1)
)
.

Remark. Although T̂ϕT̂ψ¯ and T̂ψ¯T̂ϕ may not be bounded, the integral formula
(2.2) of their Berezin transform still make sense.
In the following four lemmas, u denotes a polynomial in H2(T2), v denotes a
polynomial in H20 (T
2).
Lemma 3.2. If ϕ and ψ are functions in H2(T2), the following equalities hold.
SϕΓψ¯ = Γψ¯Tϕ = Γϕψ¯,
Tϕ¯Γ
∗
ψ¯ = Γ
∗
ψ¯Sϕ¯ = Γ
∗
ϕψ¯.
Proof. An easy computation gives
Γψ¯Tϕu =(Q− P )ψ¯Pϕu
=(Q− P )ψ¯ϕu = Γϕψ¯u.
The third equality follows from the fact that ϕu ∈ H2(T2).
Using the integral representations of P (see (2.3)) and Q (see (2.9)), we have
(SϕΓψ¯u)(z) = (Q− P )(ϕΓψ¯u)(z)
=
∫
T2
ϕΓψ¯u(Kz − 1)dσ
=
〈
Γψ¯u, ϕ(Kz − 1)
〉
=
〈
(Q− P )(ψ¯u), ϕ(Kz − 1)
〉
=
〈
ψ¯u, ϕ(Kz − 1)
〉
=
∫
T2
ϕψ¯u(Kz − 1)dσ
= (Q− P )(ϕψ¯u)(z) = (Γϕψ¯u)(z).
The fifth equality follows from the fact that ϕ(Kz − 1) ∈ H
2
0 (T2). An easy com-
putation gives
Γ∗
ψ¯
Sϕ¯v¯ = Pψ(Q− P )ϕv
= P (ψϕv) = Γ∗ϕψ¯v¯.
The third equality follows from the fact that ϕv ∈ H20 (T2).
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Using the integral representation of P (see (2.3)), we get
(Tϕ¯Γ
∗
ψ¯
v¯)(z) = P (ϕ¯Γ∗
ψ¯
v¯)(z)
=
∫
T2
ϕ¯Γ∗
ψ¯
v¯Kzdσ
=
〈
Γ∗
ψ¯
v¯, ϕKz
〉
= 〈P (ψv¯), ϕKz〉
= 〈ψv¯, ϕKz〉
=
∫
T2
ϕ¯ψv¯Kzdσ
= P (ϕ¯ψv¯)(z) = (Γ∗
ϕψ¯
v¯)(z).
The fifth equality follows from the fact that ϕKz ∈ H
2(T2). 
The following three lemmas play an important role in understanding (semi)commutativity
of Toeplitz operators on h2(T2).
Lemma 3.3. Let ϕ, ψ ∈ H2(T2). The following statements are equivalent.
(a) T̂ϕT̂ψ = T̂ϕψ.
(b) TϕΓ
∗
ψ¯
+ Γ∗ϕ¯Sψ = Γ
∗
ϕψ
.
(c) T̂ψ¯T̂ϕ¯ = T̂ϕψ.
(d) Γψ¯Tϕ¯ + Sψ¯Γϕ¯ = Γϕψ.
(e) (e1) Both ϕ and ψ are functions of one variable z1; or
(e2) Both ϕ and ψ are functions of one variable z2; or
(e3) Either ϕ or ψ is constant.
Proof. (a)⇔ (b): We use the matrix representations of T̂ϕT̂ψ (see (2.13)) and T̂ϕψ
(see (2.10)) to obtain
T̂ϕT̂ψ =
[
TϕTψ TϕΓ
∗
ψ¯
+ Γ∗ϕ¯Sψ
0 SϕSψ
]
and T̂ϕψ =
[
Tϕψ Γ
∗
ϕψ
0 Sϕψ
]
.
Since
TϕTψu =PϕPψu
=Pϕψu = Tϕψu
(3.5)
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and
(SϕSψv¯)(z) = (Q− P )(ϕSψv¯)(z)
=
∫
T2
ϕSψv¯(Kz − 1)dσ
=
〈
Sψv¯, ϕ(Kz − 1)
〉
=
〈
(Q− P )(ψv¯), ϕ(Kz − 1)
〉
=
〈
ψv¯, ϕ(Kz − 1)
〉
=
∫
T2
ϕψv¯(Kz − 1)dσ
= (Q− P )(ϕψv¯)(z)
= (Sϕψv¯)(z),
(3.6)
that is
TϕTψ = Tϕψ and SϕSψ = Sϕψ. (3.7)
Theeqrefore T̂ϕT̂ψ = T̂ϕψ is equivalent to TϕΓ
∗
ψ¯
+ Γ∗ϕ¯Sψ = Γ
∗
ϕψ
.
(c)⇔ (d): Using the matrix representations of T̂ψ¯T̂ϕ¯ and T̂ϕψ , we have
T̂ψ¯T̂ϕ¯ =
[
Tψ¯Tϕ¯ 0
Γψ¯Tϕ¯ + Sψ¯Γϕ¯ Sψ¯Sϕ¯
]
and T̂ϕψ =
[
Tϕψ 0
Γϕψ Sϕψ
]
.
Observe that
Sψ¯Sϕ¯v¯ =(Q− P )ψ¯(Q− P )ϕv
=(Q− P )ψϕv = Sϕψv¯
(3.8)
and
(Tψ¯Tϕ¯u)(z) = P (ψ¯P ϕ¯u)(z)
=
∫
T2
ψ¯P (ϕ¯u)Kzdσ
= 〈P (ϕ¯u), ψKz〉
= 〈ϕ¯u, ψKz〉
=
∫
T2
ϕ¯uψKzdσ
=
∫
T2
ϕψuKzdσ
= (Tϕψu)(z).
(3.9)
Thus
Tψ¯Tϕ¯ = Tϕψ and Sψ¯Sϕ¯ = Sϕψ. (3.10)
Hence T̂ψ¯T̂ϕ¯ = T̂ϕψ and Γψ¯Tϕ¯ + Sψ¯Γϕ¯ = Γϕψ are equivalent.
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(a)⇔ (c): Since the span of {Rη : η ∈ T2} is dense in h2(T2), we have
(T̂ϕT̂ψRη)(z) = Q(ϕT̂ψRη)(z)
=
∫
T2
(ϕT̂ψRη)Rzdσ
=
〈
T̂ψRη, ϕ¯Rz
〉
= 〈Q(ψRη), Q(ϕ¯Rz)〉
=
〈
ψRη, T̂ϕ¯Rz
〉
=
∫
T2
ψRηT̂ϕ¯Rzdσ
=
∫
T2
ψ¯(T̂ϕ¯Rz)Rηdσ
= (T̂ψ¯T̂ϕ¯Rz)(η)
(3.11)
and
(T̂ϕψRη)(z) = Q(ϕψRη)(z)
=
∫
T2
ϕψRηRzdσ
=
∫
T2
ϕψRzRηdσ
= Q(ϕψRz)(η)
= (T̂ϕψRz)(η),
(3.12)
it follows that (T̂ϕT̂ψRη)(z) = (T̂ϕψRη)(z) if and only if (T̂ψ¯T̂ϕ¯Rz)(η) = (T̂ϕψRz)(η).
So T̂ϕT̂ψ = T̂ϕψ is equivalent to T̂ψ¯T̂ϕ¯ = T̂ϕψ.
(a)⇔ (e) : see [12, Theorem 2.1]. 
Before stating Lemma 3.4, we recall that for h ∈ L2(T), the Hankel operator
Hh is defined on H
2(T) as follows:
Hhp = (I2 − P2)(hp), p ∈ H
2(T),
where I2 is the identity operator on L
2(T). We define H∗h by
H∗hq = P2(h¯q), q ∈ H
2(T)
⊥
.
Clearly Hh and H
∗
h are densely defined.
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Lemma 3.4. Let ϕ, ψ ∈ H2(T2).Then the following conditions are equivalent.
(a) T̂ϕT̂ψ¯ = T̂ψ¯T̂ϕ.
(b) T̂ϕT̂ψ¯ = T̂ϕψ¯.
(c) T̂ψ¯T̂ϕ = T̂ϕψ¯.
(d) TϕTψ¯ + Γ
∗
ϕ¯Γψ¯ = Tϕψ¯.
(e) Sψ¯Sϕ + Γψ¯Γ
∗
ϕ¯ = Sϕψ¯.
(f) (f1) ϕ is a function of one variable z1 and ψ is a function of one variable
z2; or
(f2) ϕ is a function of one variable z2 and ψ is a function of one variable z1;
or
(f2) ϕ or ψ is constant.
Proof. (a) ⇔ (b) ⇔ (c): The proof is very similar to the proof [7, Theorem 3.1]
and we omit it.
(b)⇔ (d): Using the matrix representations of T̂ϕT̂ψ¯ and T̂ϕψ¯, we have
T̂ϕT̂ψ¯ =
[
TϕTψ¯ + Γ
∗
ϕ¯Γψ¯ Γ
∗
ϕ¯Sψ¯
SϕΓψ¯ SϕSψ¯
]
and T̂ϕψ¯ =
[
Tϕψ¯ Γ
∗
ϕ¯ψ
Γϕψ¯ Sϕψ¯
]
.
By Lemma 3.2,
SϕΓψ¯ = Γϕψ¯ and Γ
∗
ϕ¯Sψ¯ = Γ
∗
ϕ¯ψ.
Since
SϕSψ¯v¯ =(Q− P )ϕ(Q− P )(ψ¯v¯)
=(Q− P )(ϕψv) = Sϕψ¯v¯,
that is
SϕSψ¯ = Sϕψ¯. (3.13)
Thus T̂ϕT̂ψ¯ = T̂ϕψ¯ and TϕTψ¯ + Γ
∗
ϕ¯Γψ¯ = Tϕψ¯ are equivalent.
(c)⇔ (e): By the matrix representations of T̂ψ¯T̂ϕ and T̂ϕψ¯ , we have
T̂ψ¯T̂ϕ =
[
Tψ¯Tϕ Tψ¯Γ
∗
ϕ¯
Γψ¯Tϕ Sψ¯Sϕ + Γψ¯Γ
∗
ϕ¯
]
and T̂ϕψ¯ =
[
Tϕψ¯ Γ
∗
ϕ¯ψ
Γϕψ¯ Sϕψ¯
]
.
Moreover, Lemma 3.2 implies that
Tψ¯Γ
∗
ϕ¯ = Γ
∗
ϕ¯ψ and Γψ¯Tϕ = Γϕψ¯.
Since
Tψ¯Tϕu =Pψ¯Pϕu
=P (ψ¯ϕu) = Tϕψ¯u,
that is
Tψ¯Tϕ = Tϕψ¯. (3.14)
Hence T̂ψ¯T̂ϕ = T̂ϕψ¯ and Sψ¯Sϕ + Γψ¯Γ
∗
ϕ¯ = Sϕψ¯ are equivalent.
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(d)⇒ (f): Authors prove this result for bounded symbols in [14, Theorem 1].
For the sake of reader’s convenience, we will prove it again without the condition
of bounded symobls.
Write
ϕ =
+∞∑
i=0
ϕi(z2)z
i
1, ψ =
+∞∑
j=0
ψj(z2)z
j
1.
Let α, β, k, l ∈ Z+ and without loss of generality we assume k ≥ l,
Lk,l ,
〈
(Tϕψ¯ − TϕTψ¯)z
k
1z
α
2 , z
l
1z
β
2
〉
and
Rk,l ,
〈
Γ∗ϕ¯Γψ¯z
k
1z
α
2 , z
l
1z
β
2
〉
.
Using the similar method discussed in [8], we have
Lk,l =
〈
(Tϕψ¯ − TϕTψ¯)z
k
1z
α
2 , z
l
1z
β
2
〉
=
〈
ψ¯zk1z
α
2 , ϕ¯z
l
1z
β
2
〉
−
〈
P (ψ¯zk1z
α
2 ), ϕ¯z
l
1z
β
2
〉
=
〈
+∞∑
j=0
ψj(z2)z
α
2 z¯
j
1z
k
1 ,
+∞∑
i=0
ϕi(z2)z
β
2 z¯1
izl1
〉
−
〈
k∑
j=0
P2(ψj(z2)z
α
2 )z
k−j
1 ,
l∑
i=0
P2(ϕi(z2)z2
β)zl−i1
〉
=
+∞∑
j=0
〈
ψj(z2)z
α
2 , ϕl−k+j(z2)z
β
2
〉
−
k∑
j=0
〈
P2(ψj(z2)z
α
2 ), ϕl−k+j(z2)z
β
2
〉
(3.15)
and
Rk,l =
〈
Γψ¯z
k
1z
α
2 ,Γϕ¯z
l
1z
β
2
〉
=
〈
P−(ψ¯zk1z
α
2 )− P (ψ¯z
k
1z
α
2 )(0), ϕ¯z
l
1z
β
2
〉
=
〈
+∞∑
j=k
P−2 (ψj(z2)z
α
2 )z¯
j−k
1 ,
+∞∑
i=l
P−2 (ϕi(z2)z
β
2 )z¯1
i−l
〉
−
〈
P2(ψk(z2)z
α
2 )(0), ϕl(z2)z
β
2
〉
=
+∞∑
j=k
〈
P−2 (ψj(z2)z
α
2 ), ϕl−k+j(z2)z
β
2
〉
−
〈
P2(ψk(z2)z
α
2 )(0), ϕl(z2)z
β
2
〉
.
(3.16)
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Furthermore, (3.15) and (3.16) imply that
Lk,l − Lk+1,l+1 = Rk,l − Rk+1,l+1,
that is, 〈
P−2 (ψk(z2)z
α
2 )− P2(ψk(z2)z
α
2 )(0), ϕl(z2)z
β
2
〉
=
〈
P2(ψk+1(z2)z
α
2 )− P2(ψk+1(z2)z
α
2 )(0), ϕl+1(z2)z
β
2
〉
,
it follows that〈
Hψkz2
α, Hϕlz2
β
〉
=
〈
(Tϕl+1Tψk+1 − ϕl+1 ⊗ ψk+1)z2
α, z2
β
〉
.
Thus
H∗ϕlHψk = Tϕl+1Tψk+1 − ϕl+1 ⊗ ψk+1
holds on H2(T). We calculate the Berezin transform of H∗ϕlHψk , Tϕl+1Tψk+1 and
ϕl+1 ⊗ ψk+1 to get〈
H∗ϕlHψkkλ2 , kλ2
〉
=
〈
Hψkkλ2, Hϕlkλ2
〉
=
〈
(I2 − P2)ψkkλ2 , ϕlkλ2
〉
= P[ϕlψk](λ2)− ϕl(λ2)ψk(λ2),
〈(ϕl+1 ⊗ ψk+1)kλ2 , kλ2〉 = 〈〈kλ2 , ψk+1〉ϕl+1, kλ2〉
= 〈kλ2, ψk+1〉 〈ϕl+1, kλ2〉
= P2(ψk+1kλ2)(0)P2(ϕl+1kλ2)(0)
= (1− |λ2|
2)ϕl+1(λ2)ψk+1(λ2),
and 〈
Tϕl+1Tψk+1kλ2, kλ2
〉
=
〈
Tψk+1kλ2 , Tϕl+1kλ2
〉
=
〈
P2(ψk+1kλ2), P2(ϕl+1kλ2)
〉
= ϕl+1(λ2)ψk+1(λ2).
Since
lim
|λ2|→1−
(
P[ϕlψk](λ2)− ϕl(λ2)ψk(λ2)
)
= 0
and
lim
|λ2|→1−
(1− |λ2|
2)ϕl+1(λ2)ψk+1(λ2) = 0,
we have
lim
|λ2|→1−
ϕl+1(λ2)ψk+1(λ2) = 0,
it follows that
ϕl+1ψk+1 = 0 a.e. on T.
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Theeqrefore either ϕl+1(z2) = 0 for all l ≥ 0 or ψk+1(z2) = 0 for all k ≥ 0. In
this case, either ϕ or ψ is constant with respect to variable z1. Using the same
argument as before, so either ϕ or ψ is constant with respect to variable z2.
(f)⇒ (b): See [12, Theorem 4.2]. 
Lemma 3.5. Let ϕ, ψ ∈ H2(T2).Then the following conditions are equivalent.
(a) T̂ϕT̂ψ = T̂ψT̂ϕ.
(b) TϕΓ
∗
ψ¯
+ Γ∗ϕ¯Sψ = TψΓ
∗
ϕ¯ + Γ
∗
ψ¯
Sϕ.
(c) T̂ϕ¯T̂ψ¯ = T̂ψ¯T̂ϕ¯.
(d) Γϕ¯Tψ¯ + Sϕ¯Γψ¯ = Γψ¯Tϕ¯ + Sψ¯Γϕ¯.
(e) (e1) Both ϕ and ψ are functions of one variable z1; or
(e2) Both ϕ and ψ are functions of one variable z2; or
(e2) A nontrivial linear combination of ϕ and ψ is constant.
Proof. (a)⇔ (b): By (2.13), we have
T̂ϕT̂ψ =
[
TϕTψ TϕΓ
∗
ψ¯
+ Γ∗ϕ¯Sψ
0 SϕSψ
]
and T̂ψT̂ϕ =
[
TψTϕ TψΓ
∗
ϕ¯ + Γ
∗
ψ¯
Sϕ
0 SψSϕ
]
.
Since
TϕTψu =PϕPψu
=Pϕψu
=PψPϕu = TψTϕu,
it follows that TϕTψ = TψTϕ. By (3.6), we have SϕSψ = Sψϕ and SψSϕ = Sψϕ,
so that SϕSψ = SψSϕ. Thus T̂ϕT̂ψ = T̂ψT̂ϕ is equivalent to TϕΓ
∗
ψ¯
+ Γ∗ϕ¯Sψ =
TψΓ
∗
ϕ¯ + Γ
∗
ψ¯
Sϕ.
(c)⇔ (d): Again by (2.13), we have
T̂ϕ¯T̂ψ¯ =
[
Tϕ¯Tψ¯ 0
Γϕ¯Tψ¯ + Sϕ¯Γψ¯ Sϕ¯Sψ¯
]
and T̂ψ¯T̂ϕ¯ =
[
Tψ¯Tϕ¯ 0
Γψ¯Tϕ¯ + Sψ¯Γϕ¯ Sψ¯Sϕ¯
]
.
By (3.9), Tϕ¯Tψ¯ = Tψϕ and Tψ¯Tϕ¯ = Tψϕ, that is Tϕ¯Tψ¯ = Tψ¯Tϕ¯. Using (3.8), we
have Sϕ¯Sψ¯ = Sψϕ and Sψ¯Sϕ¯ = Sψϕ, so Sϕ¯Sψ¯ = Sψ¯Sϕ¯. It follows that T̂ϕ¯T̂ψ¯ = T̂ψ¯T̂ϕ¯
and Γϕ¯Tψ¯ + Sϕ¯Γψ¯ = Γψ¯Tϕ¯ + Sψ¯Γϕ¯ are equivalent.
(a) ⇔ (c): By (3.11), we have (T̂ϕT̂ψRη)(z) = (T̂ψ¯T̂ϕ¯Rz)(η), and similarly
(T̂ψT̂ϕRη)(z) = (T̂ϕ¯T̂ψ¯Rz)(η), so T̂ϕT̂ψ = T̂ψT̂ϕ and T̂ϕ¯T̂ψ¯ = T̂ψ¯T̂ϕ¯ are equivalent.
(a)⇔ (e): See [12, Theorem 3.1]. 
4. Semi-Commuting Toeplitz operators
Theorem 1.6 can be restated as follows:
Let f, g be two bounded functions in h2(T2), and f = f+ + f−, g = g+ + g−,
where f+, f¯−, g+, g¯− ∈ H
2(T2). Then T̂f T̂g = T̂fg if and only if one of the
following conditions is satisfied:
(A) f+ = f+(z1), f− = f−(z2), g+ = g+(z1), g− = g−(z2);
(B) f+ = f+(z2), f− = f−(z1), g+ = g+(z2), g− = g−(z1);
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(C) Either f or g is constant.
Proof. Suppose that T̂f T̂g = T̂fg, by the matrix representations of T̂f T̂g (2.13)
and T̂fg (2.10), we have
T̂f T̂g =
[
TfTg + Γ
∗
f¯
Γg TfΓ
∗
g¯ + Γ
∗
f¯
Sg
ΓfTg + SfΓg ΓfΓ
∗
g¯ + SfSg
]
=
[
Tfg Γ
∗
fg
Γfg Sfg
]
= T̂fg,
hence
TfTg + Γ
∗
f¯Γg = Tfg,
TfΓ
∗
g¯ + Γ
∗
f¯
Sg = Γ
∗
fg
,
ΓfTg + SfΓg = Γfg,
ΓfΓ
∗
g¯ + SfSg = Sfg.
(4.1)
By substituting f = f+ + f− and g = g+ + g− into (4.1), we obtain
Tf+Tg+ + Tf+Tg− + Tf−Tg+ + Tf−Tg− + Γ
∗
f+
Γg
−
=Tf+g+ + Tf+g− + Tf−g+ + Tf−g−,
Tf+Γ
∗
g¯+
+ Tf
−
Γ∗g¯+ + Γ
∗
f¯+
Sg+ + Γ
∗
f¯+
Sg
−
=Γ∗
f+g+
+ Γ∗
f+g−
+ Γ∗
f
−
g+
,
Γf
−
Tg+ + Γf−Tg− + Sf+Γg− + Sf−Γg−
=Γf+g− + Γf−g+ + Γf−g−,
Γf
−
Γ∗g+ + Sf+Sg+ + Sf+Sg− + Sf−Sg+ + Sf−Sg−
=Sf+g+ + Sf+g− + Sf−g+ + Sf−g−.
(4.2)
By (3.5), (3.9), (3.6) and (3.8) we have
Tf+Tg+ = Tf+g+,
Tf
−
Tg+ = Tf−g+,
Tf
−
Tg
−
= Tf
−
g
−
,
Sf+Sg+ = Sf+g+ ,
Sf+Sg− = Sf+g−,
Sf
−
Sg
−
= Sf
−
g
−
.
(4.3)
Using Lemma 3.2, we have
Tf
−
Γ∗g¯+ = Γ
∗
f
−
g+
,
Γ∗
f¯+
Sg
−
= Γ∗
f+g−
,
Γf
−
Tg+ = Γf−g+,
Sf+Γg− = Γf+g−.
(4.4)
So that (4.2) becomes
Tf+Tg− + Γ
∗
f+
Γg
−
= Tf+g−, (4.5)
Tf+Γ
∗
g¯+
+ Γ∗f¯+Sg+ = Γ
∗
f+g+
, (4.6)
Γf
−
Tg
−
+ Sf
−
Γg
−
= Γf
−
g
−
, (4.7)
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Sf
−
Sg+ + Γf−Γ
∗
g+
= Sf
−
g+ . (4.8)
Applying Lemma 3.3 to (4.6) and (4.7), we obtain
T̂f+T̂g+ = T̂f+g+ ,
T̂f
−
T̂g
−
= T̂f
−
g
−
.
(4.9)
An application of Lemma 3.3 to (4.9), we see that f+, f−, g+ and g− satisfy
a© f+ = f+(z1), g+ = g+(z1); or
b© f+ = f+(z2), g+ = g+(z2); or
c© f+ or g+ is constant,
(4.10)
and 
d© f− = f−(z1), g− = g−(z1); or
e© f− = f−(z2), g− = g−(z2); or
f© f− or g− is constant.
(4.11)
Applying Lemma 3.4 to (4.5) and (4.8), we obtain
T̂f+T̂g− = T̂f+g−,
T̂f
−
T̂g+ = T̂f−g+.
(4.12)
An application of Lemma 3.4 to (4.12), we see that f+, f−, g+ and g− satisfy
1©f+ = f+(z1), g− = g−(z2); or
2©f+ = f+(z2), g− = g−(z1); or
3©f+ or g− is constant,
(4.13)
and 
4©f− = f−(z1), g+ = g+(z2); or
5©f− = f−(z2), g+ = g+(z1); or
6©f− or g+ is constant.
(4.14)
Moreover, by substituting f = f+ + f− and g = g+ + g− into T̂f T̂g = T̂fg, we
have
T̂f+T̂g+ + T̂f+T̂g− + T̂f−T̂g+ + T̂f−T̂g− = T̂f+g+ + T̂f+g− + T̂f−g+ + T̂f−g−. (4.15)
Combining (4.9), (4.12) and (4.15), we conclude that T̂f T̂g = T̂fg if and only if
T̂f+T̂g+ = T̂f+g+, T̂f− T̂g− = T̂f−g−, T̂f+T̂g− = T̂f+g−, T̂f−T̂g+ = T̂f−g+ if and only
if f+, f−, g+, and g− simultaneously satisfy (4.10), (4.11), (4.13) and (4.14).
According to (4.10) and (4.11), f+, f−, g+ and g− can be grouped into four
cases.
Case 1.1 : a© d©, b© e©;
Case 1.2 : a© e©, b© d©;
Case 1.3 : a© f©, b© f©, c© d©, c© e©;
Case 1.4 : c© f©.
In addition, according to (4.13) and (4.14), f+, f−, g+, g− can be divided into
other four cases.
Case 2.1 : 1© 4©, 2© 5©;
Case 2.2 : 1© 5©, 2© 4©;
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Case 2.3 : 1© 6©, 2© 6©, 3© 4©, 3© 5©;
Case 2.4 : 3© 6©.
We denote case a© d© as the case where f+, f−, g+, g− both satisfy a© with
d©. We find that a© e© and 1© 5© are the same, they are (A), b© d© and 2© 4© are
the same, they are (B), combining a© d© with 2© 4© gives (C). The following table
presents all cases, as desired. 
Case a© d© b© e© a© e© b© d© a© f© b© f© c© e© c© d© c© f©
1© 4© (C) (C) (A) (B) (A),(C) (B),(C) (A),(C) (B),(C) (A),(C)
2© 5© (C) (C) (A) (B) (A),(C) (B),(C) (A),(C) (B),(C) (A),(C)
1© 5© (A) (A) (A) (C) (A) (A) (A) (A) (A)
2© 4© (B) (B) (C) (B) (B) (B) (B) (B) (B)
1© 6© (A),(C) (A),(C) (A) (B) (A),(C) (C) (A),(C) (C) (A),(C)
3© 5© (A),(C) (A),(C) (A) (B) (A),(C) (C) (A),(C) (C) (A),(C)
2© 6© (B),(C) (B),(C) (A) (B) (C) (B),(C) (C) (B),(C) (B),(C)
3© 4© (B),(C) (B),(C) (A) (B) (C) (B),(C) (C) (B),(C) (B),(C)
3© 6© (A),(B),(C) (A),(B),(C) (A) (B) (A),(C) (B),(C) (A),(C) (B),(C) (C)
Table 1. All Cases
5. Commuting Toeplitz operators
Theorem 1.7 can be eqreformulated in the following form.
Let f, g ∈ h2(T2), and f = f++f−, g = g++g−, where f+, f¯−, g+, g¯− ∈ H2(T2).
Then T̂f T̂g = T̂gT̂f if and only if one of the following conditions is satisfied:
(I) f+ = f+(z1), f− = f−(z2), g+ = g+(z1), g− = g−(z2);
(II) f+ = f+(z2), f− = f−(z1), g+ = g+(z2), g− = g−(z1);
(III) A nontrivial linear combination of f and g is constant.
Proof. If T̂f T̂g = T̂gT̂f , by the matrix representations of T̂f T̂g and T̂gT̂f (see
(2.13)), we have
T̂f T̂g =
[
TfTg + Γ
∗
f¯
Γg TfΓ
∗
g¯ + Γ
∗
f¯
Sg
ΓfTg + SfΓg ΓfΓ
∗
g¯ + SfSg
]
=
[
TgTf + Γ
∗
g¯Γf TgΓ
∗
f¯
+ Γ∗g¯Sf
ΓgTf + SgΓf ΓgΓ
∗
f¯
+ SgSf
]
= T̂gT̂f .
and hence
TfΓ
∗
g¯ + Γ
∗
f¯Sg = TgΓ
∗
f¯ + Γ
∗
g¯Sf ,
ΓfTg + SfΓg = ΓgTf + SgΓf .
(5.1)
By substituting f = f+ + f− and g = g+ + g− into (5.1), we obtain
Tf+Γ
∗
g+
+ Tf
−
Γ∗g+ + Γ
∗
f+
Sg+ + Γ
∗
f+
Sg
−
= Tg+Γ
∗
f+
+ Tg
−
Γ∗
f+
+ Γ∗g+Sf+ + Γ
∗
g+
Sf
−
,
Γf
−
Tg+ + Γf−Tg− + Sf+Γg− + Sf−Γg− = Γg−Tf+ + Γg−Tf− + Sg+Γf− + Sg−Γf− .
(5.2)
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By Lemma 3.2, we have
Tf
−
Γ∗g+ = Γ
∗
g+
Sf
−
,
Γ∗
f+
Sg
−
= Tg
−
Γ∗
f+
,
Γf
−
Tg+ = Sg+Γf−,
Sf+Γg− = Γg−Tf+ .
Thus (5.2) becomes
Tf+Γ
∗
g+
+ Γ∗
f+
Sg+ = Tg+Γ
∗
f+
+ Γ∗g+Sf+,
Γf
−
Tg
−
+ Sf
−
Γg
−
= Γg
−
Tf
−
+ Sg
−
Γf
−
.
(5.3)
Applying Lemma 3.5 to (5.3), we get
T̂f+T̂g+ = T̂g+T̂f+ ,
T̂f
−
T̂g
−
= T̂g
−
T̂f
−
.
(5.4)
Again by Lemma 3.5 we see that f+, f−, g+, g− satisfy (a) f+ = f+(z1), g+ = g+(z1); or(b) f+ = f+(z2), g+ = g+(z2); or
(c) a nontrivial linear combination of f+ and g+ is constant,
(5.5)
and  (1) f− = f−(z1), g− = g−(z1); or(2) f− = f−(z2), g− = g−(z2); or
(3) a nontrivial linear combination of f− and g− is constant, .
(5.6)
By assumption T̂f T̂g = T̂gT̂f , we have
T̂f+T̂g+ + T̂f+T̂g− + T̂f−T̂g+ + T̂f−T̂g− = T̂g+T̂f+ + T̂g+T̂f− + T̂g−T̂f+ + T̂g−T̂f−.
(5.7)
Since T̂f+T̂g+ = T̂g+T̂f+ and T̂f− T̂g− = T̂g−T̂f−, (5.7) yields
T̂f+T̂g− − T̂g−T̂f+ = T̂g+T̂f− − T̂f− T̂g+. (5.8)
We need to find out the conditions for f+, f−, g+, g− such that (5.8) holds.
In view of (5.5) and (5.6), we distinguish four cases.
Case 1.
(a)(2): f+ = f+(z1), g+ = g+(z1), f− = f−(z2), g− = g−(z2).
(b)(1): f+ = f+(z2), g+ = g+(z2), f− = f−(z1), g− = g−(z1).
According to Lemma 3.4, (a)(2) and (b)(1) ensure that (5.8) holds. Thus (I)
and (II) would hold.
Case 2.
(a)(1): f+ = f+(z1), g+ = g+(z1), f− = f−(z1), g− = g−(z1).
(b)(2): f+ = f+(z2), g+ = g+(z2), f− = f−(z2), g− = g−(z2).
One only need consider case (a)(1), since (b)(2) is similar to (a)(1) .
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In (a)(1), taking the Berezin transform of both sides of (5.8), we have∫
T2
(
[T̂f+ , T̂g−]kλ1kλ2
)
kλ1kλ2dσ =
∫
T2
(
[T̂g+, T̂f−]kλ1kλ2
)
kλ1kλ2dσ,
|λ2|
2
(
f+(λ1)g−(λ1)−P[f+g−](λ1)
)
= |λ2|
2
(
g+(λ1)f−(λ1)− P[g+f−](λ1)
)
,
f+(λ1)g−(λ1)− P[f+g−](λ1) = g+(λ1)f−(λ1)− P[g+f−](λ1) for λ2 6= 0.
The second equality follows from Lemma 3.1, the last equation implies f+g−−
g+f− is harmonic function on D, hence we get
∂1f+∂¯1g− = ∂1g+∂¯1f−. (5.9)
We will use the method of [1] for finding all the solutions of (5.9).
If ∂1g+ is identically 0 on D, then (5.9) shows that either ∂1f+ is identically 0
on D (so f+ would be constant on D and (II) would hold) or ∂¯1g− is identically
0 on D (so g− would be constant on D and (III) would hold). Similarly, if ∂¯1g−
is identically 0 on D, then (5.9) shows that either ∂1g+ is identically 0 on D (so
g+ would be constant on D and (III) would hold) or ∂¯1f− is identically 0 on D
(so f− be constant on D and (I) would hold). Thus we may assume that neither
∂1g+ nor ∂¯1g− is identically 0 on D, and so (5.9) shows that
∂1f+
∂1g+
=
∂¯1f−
∂¯1g−
(5.10)
at all points of D except the countable set consisting of zeroes of ∂1g+∂¯1g−. The
left-hand side of the above equation is an analytic function (on D with the zeroes
of ∂1g+∂¯1g− deleted), and the right-hand side is the complex conjugate of an
analytic function on the same domain, and so both sides must equal a constant
c ∈ D. Thus ∂1f+ = c∂1g+ and ∂¯1f− = c∂¯1g− on D. Hence f+− cg+ and f−− cg−
are constants on D, and so their sum, which equals f − cg is constant on D, then
(III) would hold.
Case 3.
(c)(3): A nontrivial linear combination of f+ and g+ is constant and a nontrivial
linear combination of f− and g− is constant.
We may assume, without loss of generality, that f+ = αg+ + λ and f− =
βg− + µ, where α, λ, β and µ are constants. By substituting f+ = αg+ + λ and
f− = βg− + µ into (5.8), we obtain
(α− β)(T̂g+T̂g− − T̂g−T̂g+) = 0.
If α−β = 0, then f−αg is constant, so (III) would hold. If T̂g+T̂g−−T̂g− T̂g+ = 0,
using Theorem 3.4, we have (X) g+ = g+(z1), g− = g−(z2); or(Y ) g+ = g+(z2), g− = g−(z1); or
(Z) g+ or g− is constant.
(5.11)
Hence (X) implies (I), (Y) implies (II) and (Z) implies (III).
Case 4.
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(a)(3): f+ = f+(z1), g+ = g+(z1), a nontrivial linear combination of f− and g−
is constant.
(b)(3): f+ = f+(z2), g+ = g+(z2), a nontrivial linear combination of f− and
g− is constant.
(c)(1): a nontrivial linear combination of f+ and g+ is constant, f− = f−(z1), g− =
g−(z1).
(c)(2): a nontrivial linear combination of f+ and g+ is constant, f− = f−(z2), g− =
g−(z2).
Since (a)(3), (b)(3), (c)(1) and (c)(2) are similar, one only need consider case
(a)(3). For (a)(3), without loss of generality, we may assume that there exist
constants δ and η such that f− = δg− + η. Therefore, (5.8) entails that
T̂f+T̂g− − T̂g−T̂f+ = T̂g+T̂f− − T̂f−T̂g+
= T̂g+(δT̂g− + ηI)− (δT̂g− + ηI)T̂g+
= δ(T̂g+T̂g− − T̂g−T̂g+),
it follows that
T̂f+−δg+T̂g− = T̂g−T̂f+−δg+ . (5.12)
We can apply Lemma 3.4 to (5.12), if f+ − δg+ is constant, then (III) would
hold, if g− is constant or g− = g−(z2), then (I) would hold.
Conversely, it is easy to show that a nontrivial linear combination of f and g
is constant implies T̂f T̂g = T̂gT̂f . Since
T̂f T̂g − T̂gT̂f = T̂f T̂g − T̂fg + T̂fg − T̂gT̂f ,
by Theorem 1.6, we obtain that (I) and (II) are true. 
Theorem 1.7 has the following consequence.
Corollary 5.1. Let f ∈ h2(T2)
⋂
L∞(T2), then T̂f is normal if and only if the
range of f lies on a line.
Proof. The Toeplitz operator T̂f is normal if and only if T̂f and T̂f¯ commute. By
Theorem 1.7 this is the case if and only if there are constants α and β, not both
zero, such that αf + βf¯ is constant. 
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